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In this paper we exhibit the constructions of some classes of partitions of finite 
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vector spaces. 
Notations. p is a prime integer and q is a power of p. GF[q] is the C?alois field 
with q elements. GF*[q] is the cyclic multiplicative group of GF[q], of order q - 1. 
We denote the vector space of n-tuples over GF[q] by V,,(q). 
Definition. A collection (Vi}! of subspaces of V = V,(q) is called a partition of V iff 
V=u Vi and Viny=(O) h w en if j. For a partition we use the notation V = 
C’; vi. 
Partitions of groups have been studied by several authors. J.W. Young proved 
in [6] that if an abelian group has a non-trivial partition, the group must be an 
elementary abelian p-group. Since such a group can be represented as the additive 
group of some V,,(p) -and U is a subgroup of V,(p) iff U is a subspace of 
V,(p) - partitions of V,(q) is a generalization of partitions of abelian groups. 
Herzog and Schonheim [2] proved that if V,(q) = Cf v and W = 
vlxv,x*’ l x Vkr then the kernel K of the linear transformation T: W + V,,(q) 
defined by 
Rx,, x2, l l ’ 9 &)=x*+x2+= l l +xk, Xi E Vi, 
is a single-error-correcting perfect mixed linear code in W. 
This result relates the partition problem (existence, classification and enumera- 
tion of the partitions of V,(q)) to coding theory, and was the motivation for the 
authors of [3] to try to find sufficient and necessary conditions for the existence of 
partitions of abelian groups. Their necessary condition obtained just by counting 
the non-zero elements in two different ways applies 21~0 to vector spaces (namely 
if V,(q) = 1; Vi and dim Vi = ni): 
q”- 1 = jl (q”a- 1). (1) 
1 
79 
T. Bu 
Observe that another immediate 
n,+n,sn when ifj, 
since Vi @ V, is a subspace of V 
necessary condition is 
and dim Vi@Vj=q-t nj* 
(2) 
Both conditions are not sufiijcient- and the problem of finding sufficient and 
necessary conditions for a partition of V,,(q) is still open. We will in this paper by 
elementary methods construct several classes 01; partitions, but first another 
necessary condition: 
Lemrma I. Let U be any subspace of dimension n- 1 of V,.,(q), and define 
n;;=dim(UnV,), i=l,2,...,k. Then n:=ni-l if Vi$U and nl=~+ if Vi~U, 
and we have the following identity: 
k 
4 
n-l= C( q”f- 1). (3) 
Proof, The following identity is fundamental in linear algebra: 
dim( U + Vi) + dim( U f7 Vi) == dim U + dim Vi. 
Since dim(U+ Vi) = n if Vi g U and dim( U+ Vi) = n - 1 if Vi c U, it follows that 
n+ n, -= 1 or n,. (Of course ni depe,nds on the choice of U.) Since {U n Vi) is a 
partition of U, then (3) follows from the same counting argument as (1). 
That (3) is a new necessary condition which does not follow from (1) and (2) we 
can demonstrate by the following example: From (1) and (2) there could exist a 
partition of V’(2) in 36 subspaces of dimension 3 and 3 subspaces of dimension 1 u 
We choose U (of dimension 7) such that U does not contain all the 3 subspaces of 
dimcnsicln 1 in the assumed partition. Then equation (3) becomes 7x +3y + z = 
127, where x + y = 36 and z < 2. Here X, y, z denotes the number of subspaces of 
the “induced” partition of U, of dimensions 3, 2 and 1 respectiveb. But now it is 
easy to prove that this system has no solutions in non-negative integers. We 
conclude that there exists no partition of V8(2) with as many as 36 subspaces of 
dimension 3. 
Lemma 2. If tv is a divisor of n and k = (q” - 1 :)/(q” - l), there exists a partition of 
VJq) with k subspaces, all of dimension vz, 
Proof. We represent V,(q) by the field GF[q”]. If m is a divisor of n, GF[q”] is a 
suMeld of GT;lq”]. The cyclic group GF*i’d”] is a subgroup of GF*[q”], and we 
fo‘rm the coset decomposition 
GF”Cq”]q”] = X, Gp[q”] t x2 GF*[q”]+ l l l + & GF*[q”l. 
We then define Vi=Xi Gflq”], i = 1,2,. *. , k. It is easy to check that Vi is a 
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subspace of GF[q”:], and since the cosets above are pairwise disjoint it follows that 
V,(q) = c; vi. 
In a letter, Dr. Erernt Lindstrgm (University of Stockholm, Sweden) suggested a 
generalization of Lemma 2: 
Lemma 3. If m,, m2,. . . , m, are divisors of n, there exists partitions of V,,(q) where 
the dimensions of the subspaces involved are among the mi’s. 
Proof. G = GF*[qml]GF*[qmz] l l l GF*[qmt] is a subgroup of GF*[q”]. We form 
the coset decomposition 
GF*[q”] = y,G + y2G +. 9 l + y,G. 
Since GE*[q”l] is a subgroup of G, the coset decomposition of G relative 
GF*[q”g] induces a partition of yjG in m,-dimensional subspaces of V,(q). By 
choosing different mi’s for different yj’S, we can construct several partitions of 
K(q). 
We next generalize Lemma 1 in [S]. The method of proof was suggested by 
Professor Loren Olson (University of Tromso, Norway). 
Lemma 4. Let 1 < d <$I. Then there exists a partition of V,,(q) in 1 subspace of 
dimension n - d and qflmd subspaces of dimension d. 
Proof. We choose a vector space W over GF[q] such thlat V= V,,(q) G W and 
dim W = 2(n - d). By Lemma 2 there exists a partition W = x Wi in qnvd + 1 
(n - d)-dimensional subspaces. We may arrange it so that W, is a sub- 
space of V. We then define Vi = Wi fl V, i = 1,2, . . . , qned -IF 1. Then V = x Vi and 
dim V, = dim W, = n - d. From (2) dim Visd for i > 1. If we combine the dimen- 
sion formulae in the proof of Lemma 1 with the fact that V+ Wi is a subspace of 
W, we get dim Viad for i > 1. It follows that dim Vi =d when i > 1. 
If n = kd + r where d C r < 2d, there exists a partition of V in one subspace (V,) 
of dimension n -2d and qnwd subspaces of dimension d. V, can also be par- 
titioned into one subspace of dimension n - 2d an61 qn-2d subspaces of dimension 
d. If we continue this process we get a partitich of V with one subspace of 
dimension r and qnbd + qn-2d + l l l + qnvkd subspaces of dimension d. We now 
form a partition of the r-dimensional subspace in one subspace of dimension d 
and (q’- qd)/(q - 1) subspaces of dimension 1. We have then proved that there 
exists a partition of V which contains 
4 n-d+qn-2d+. . .+q”-kd+l (4) 
subspaces of dime sion d. It is an open question whether this number is maximal. 
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The formulae above is contained in Theorem 4.1 in [l], but the proof given there 
is much more complicated. 
5. Let n = ks - 1, where s > 1. There exists a partition of V,(q) with 
(6-“” - I)/@” - 1) subspaces of dimension s avtd q(k-l)s subspaces of dimension 
s- t. 
RIB&. Choose W as an (n + l)-dimensional vector space over GF[q] which 
csntains the n-dimensional space V. There exists a partition W = c Wi in s- 
dimensional subspaces. We define Vi= WifIV, i = 1,2,. . . , (qks - l)/(q” - 1). 
Wsing the dimension formulae we get dim Vias - 1. At the same time 
dim V’sdim Wi = s. This gives a partition of V w no e all subspaces involved are of 
dimension s or s - 1. If we let x be the number of subspaces of dimension s and y 
the number of subspaces (in tbz partition) of dimension s - 1, we get the following 
equations: 
x+Y=(qks-l)/(qs-l), 
x(q” - l)+y(q+- l)=qk”-‘- 1, 
This system has the unique solution given in the lemma. 
Lemma 6. If q is Q power of a prime p and Q = q” where u 2 2 is an integer, and 
there exists a partition V,(( Q) = 1 Vi where dim Vi = ni, then there also exists a 
partition V,,(q) = 1 Vi where dim Vi = niu. 
Proof. GF;[ql is a suhficld of GF[Q]. Therefore Vn (Q) can also be interpreted 
as V,,,(q) and the Vi’s can be interpreted as subspaces of V,,(q) of dimension 
lliU* 
If we define the meet between two partitions of V by {Vi} n { Vi} = {Vi (7 Uj}, it is 
easy to see that the collection of all partitions of V form a finite lattice. It should 
be an aim for further -*esearch to charactekz the structure of this lattice. 
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